Abstract: The finite-difference time-domain (FDTD) numerical method has the unique characteristic that it can separately calculate the far-field scattered waves and near-field total waves at the same time, where total waves refer to a mixture of incident plane waves and scattered waves. This formulation is called the total-field/scattered-field (TF/SF) formulation and is very effective for the analysis of scattering problems in nondestructive evaluation (NDE). In this report, a TF/SF formulation of the elastic wave fields in solids is described. Specifically, scalar and vector potentials are used for the formulation. Using these potentials is beneficial for two reasons. First, the longitudinal waves and shear waves are initially separated. Therefore, the scattering phenomenon can be clearly recognized. Second, it is facile to use the potentials for setting the absorbing boundaries. The FDTD TF/SF formulation using potentials has been proved effective in the analysis of the scattering of a longitudinal plane wave incident to a square hole.
INTRODUCTION
The scattering of elastic wave fields in solids is the most critical factor in the field of nondestructive evaluation (NDE) using ultrasonic waves. To extract information from the echo signals of the elastic waves reflected from the flaws in solid materials, the knowledge of the relationship between the signals and the flaws is important. For this purpose, analysis by numerical simulations is the most versatile tool because of the difficulties of investigating them by analytical and experimental methods. Using some numerical methods such as finite-difference method (FDM), finite-element method (FEM) [1] and boundaryelement method (BEM) [2] , many researchers have determined the various characteristics of the scattered elastic waves.
The present author and his colleagues have previously reported the application of the finite-difference timedomain (FDTD) numerical method to elastic wave fields in solids [3] [4] [5] [6] [7] [8] [9] [10] . The name FDTD method is used in the field of electromagnetic waves. Seismologists call it the staggered finite-difference method [11] . The merits of this method include the following;
1. Using the leap-frog finite-difference algorithm, the formulation of the method for numerical calculations in the time domain is straightforward. 2. Since all the variables, namely, stress and particle velocity components, are included in the FDTD formulation, we can easily analyze problems with arbitrary curved boundaries, whose analysis by established schemes is not straightforward, by using the step-wise approximation. 3. Scalar potentials, vector potentials and pointing vectors may all be easily derived by using the same leap-frog finite-difference scheme [6, 7] . The FDTD method has the unique characteristic that it can separately calculate the far-field scattered waves and near-field total waves at the same time, where total waves refer to a mixture of incident plane waves and scattered waves [12] . This formulation is called the total-field/ scattered-field (TF/SF) formulation and is very effective for the analysis of scattering problems in NDE.
Generally, perfect plane waves are difficult to realize in numerical calculations. If we input the planelike wave in the analysis region, both sides of the wave will be diffracted. Also, if we realize the plane wave by adopting some boundary conditions at the truncated boundary, we will not be able to absorb the scattered waves at the boundary. The TF/SF formulation, however, can realize perfect plane waves that are incident to the scattering objects.
In this report, a TF/SF formulation of the elastic wave fields in solids is described. Specifically, scalar and vector potentials are used for the formulation. Using these potentials is beneficial for two reasons. First, the longitudinal waves and shear waves are initially separated. Therefore, the scattering phenomenon can be clearly recognized. Second, it is facile to use the potentials for setting the absorbing boundaries.
The FDTD TF/SF formulation using potentials has been proved effective in the analysis of the scattering of a longitudinal plane wave incident to a square hole.
CONSTITUTIONAL EQUATIONS FOR ANALYSIS OF SCATTERING PROBLEMS
For simplicity, a 2-dimensional surface-strain problem will be considered. The fundamental constitutional equations for isotropic elastic solids may be expressed as follows. In this report, scalar and vector velocity potentials are used for the analysis of scattering problems [8, 9] . Here, the relationship between particle velocities and potentials is described in a concise manner.
The velocity potentials 0 and A are defined as follows:
where _ u u ¼ ½ _ u u 1 ; _ u u 2 ; _ u u 3 t is a particle velocity vector, 0 is a scalar velocity potential and A ¼ ½' 1 ; ' 2 ; ' 3 t is a vector velocity potential. The superscript t denotes a transposed matrix. In the two-dimensional x-z surface, the particle velocity vector becomes _ u u ¼ ½ _ u u 1 ; _ u u 3 t , and the elements of the particle velocity vector _ u u 1 and _ u u 3 are expressed as follows.
From Eqs. (1), (2), (4) and (5), we obtain The ability to relate the calculation results for the velocity potentials to the values of the elastic variables is important for formulating equations suitable for FDTD analysis. As the two potential waves do not interact in a homogenous region, we can assume that they are scalar waves. Thus, the wave equations (6) and (7) are broken down here into the following six constitutional equations:
where _ u u i1 and _ u u i3 (i ¼ 0; ') are particle velocities of a longitudinal (scalar, i ¼ 0) or shear (vector, i ¼ ') wave.
FDTD Formulation of Elastic and Velocity
Potential Equations [9] Figure 1 shows the lattice configurations of the FDTD method for analyzing the elastic, scalar velocity potential and vector velocity potential wave fields. The lattice regions of the elastic and velocity potential fields overlap.
Reformulating Eq. (1) by the FDTD method gives
where i and k indicate the number of numerical points in the x-and z-directions, n is a time step, and Ád and Át are the spatial and temporal discrete lengths. The spatial lattice interval is arranged as
The other differential equations of Eqs. (1) and (2) are formulated in a similar manner. Using the FDTD formulation, the stress and particle velocities can be calculated alternately according to the time step Át.
Equations (6) and (7) are used to obtain velocity potentials from particle velocities, using the centre finite difference approximation. The equations in the FDTD formulation are then derived as follows. 
However, it is also necessary to have a formulation that determines the particle velocities from the velocity potentials. Appropriate relationships can be derived from time differential of Eqs. (4) and (5) by applying the center finite-difference approximation, as follows.
Equations (9) and (10) will be formulated as follows:
Where Figure 2 shows the model for interpreting the TF/SF formulation in a two-dimensional space. In this interpretation, it is supposed that the incident plane wave is a longitudinal wave. Therefore, we will take account of the incident wave only in the field of a scalar velocity potential shown in Fig. 2(a) . In the figure, Region 1 specifies a total field and Region 2 specifies a scattered field of longitudinal waves. Regions 1 and 2 are separated by the nonphysical virtual surface that connects the fields in each region. The structure existing in Region 1 shows an interacting material. Figure 2(b) shows the field of shear waves, in other words, the field of a vector velocity potential. Because the incident plane wave is a longitudinal one, both regions in Fig. 2 (b) may be considered as the scattered fields. The elastic wave field being a linear field, we can assume the following relations:
PRINCIPLE THEORY OF TECHNIQUE TO SEPARATE TOTAL WAVE AND SCATTERING WAVE [14]
where the subscripts 'total,' 'scat' and 'inc' indicates the total, scattered and incident wave components, respectively. In Fig. 2(a) , the Region-1/Region-2 interface located at k ¼ k 0 contains the terms & _ 0 0 total and _ U U 01;total . To obtain the & _ 0 0 total ði; k 0 Þ components (indicated by blank stars) using Eq. (20), we must know _ U U 03;total ði; k 0 þ 1=2Þ and _ U U 03;total ði; k 0 À 1=2Þ. Clearly, the first _ U U 03;total ði; k 0 þ 1=2Þ is known and stored in computer memory since grid-point ði; k 0 þ 1=2Þ is in the total-field zone. However, the second _ U U 03;total ði; k 0 À 1=2Þ is not stored in computer memory since ði; k 0 À 1=2Þ is in the scattered-field zone. Only _ U U 03;scat ði; k 0 À 1=2Þ is available in memory. Using Eqs. (20), (24) and (25), we can derive the following equation at the front face of Region 1:
In the same way, we can derive the implemented equations at the back face, left face and right face in Region 1, respectively. ' ' 2,total components on the TF/SF interface. The black star and black pentagon show _ U U '1;scat and _ U U '3;scat components located 0:5Ád outside the Region-1/Region-2 interface, respectively. The other symbols, blank triangle and black square, are the same as those in Fig. 1(c) .
On the other hand, _ U U 01;scat and _ U U 03;scat components (black star and black pentagon) are located 0:5Ád outside the Region-1/Region-2 interface. The scalar velocity potential components at the Region-1/Region-2 interface are needed to implement the FDTD formulation. In the same manner mentioned above, we can obtain the implemented equations from Eq. (18)- (19), at the front face, back face, left face and right face:
The TF/SF formulation of the vector velocity potential field shown in Fig. 2(b) will be derived in the same manner.
The reason that an input plane wave is trapped in a TF/ SF interface will be interpreted using a 1-dimensional case. Figure 3(a) shows the adjacent two nodes, the scalar velocity potential and the particle velocity nodes, at the left side of the TF/SF boundary. If the sinusoidal signal is inputted on the node of scalar velocity potential & _ 0 0, that has the same dimension as a pressure in a fluid, the sinusoidal waves propagate symmetrically toward both sides from the node shown by the solid line in Fig. 3(a) . On the other hand, when the particle velocity node is driven by the same signal mentioned above, the waves drawn using the dotted line in Fig. 3(a) are generated and launched. This time, the waves having negative and positive amplitudes are generated on the right-and left-hand sides of the node, respectively. As a result, the waves generated on the velocity potential node and the particle velocity node, launch to the right-hand side of the TF/SF interface (into the total field region). In contrast, the waves of the left-hand side are cancelled and disappear. Equations (28) and (32) represent the above situation. Figure 3(b) shows the nodes on the right-hand side of the TF/SF interface. The waves shown in Fig. 3(b) can be explained in the same manner discussed above. In the present case, the signs of the amplitudes of input signals are different from those in Fig. 3(a) . This situation is represented by Eqs. (29) and (33). On the nodes indicated in Fig. 3(b) , the signal input is started when the wave shown in Fig. 3(a) reaches the righthand side of the TF/SF interface. Consequently, in the scattered region on the right-hand side of the TF/SF interface, the wave propagating from the total field region and the wave generated on the nodes of the right-hand side of the TF/SF interface cancel each other out. Figure 4 shows the geometry of the test problem, where a surface strain problem is considered. Then we analyze the elastic wave fields in a two-dimensional x-z plane.
EXAMPLES OF ANALYSIS OF SCATTERING PROBLEMS BY TF/SF FORMULATION METHOD
As a matter of course, an isotropic solid is considered and the front, back, right and left truncated surfaces of both scalar and vector velocity potential fields are implemented by using second-order absorbing boundary condition introduced by Higdon [15] . The input signal is selected to be a longitudinal wave source and the waveform of the signal is the square cosine curve 1 À cosð!ÁtÞ 2 , where ! ¼ 2%=T and T ¼ 80Át. The wave number vector of the plane wave is selected to be in the x-direction. The solution domain is discretized by a grid of dimensions 200Ád Â 200Ád, and material characteristics are chosen to be c P =v l ¼ 0:5 and c P =c S ¼ ffiffi ffi 3 p . Here, c P and c S denote the longitudinal and shear wave velocities, respectively, while v l ¼ Ád=Át.
The TF/SF interface is set on the four sides of the square surface shown in Fig. 3 and the scattering object is a square hole with a cross-sectional area of 40Ád Â 40Ád, which is denoted by the painted square shown in Fig. 3 .
Results of the calculation are shown in Figs. 5-7. As the incident plane wave is longitudinal, we can observe the wave only in the scalar velocity potential field.
The plane wave propagation without the scattering object is denoted in Fig. 5 . Figures 5(a) to (e) show the propagation of the incident wave at the time steps 70, 120, 190, 240 and 300, respectively. Note that the wave is blocked up in region 1. From Figs. 5(b) to (d), a wave with a small amplitude is observed behind the incident plane wave. It is thought to correspond to a dispersion phenomenon brought about by the discretized space. The small wave disappears outside region 1 as shown in Fig. 5(e) .
In Fig. 6 , scalar velocity potential fields are introduced and vector velocity fields are shown in Fig. 7 when a scattering object exists. Figure 6 (a) to (e) denote the scalar velocity potential fields at time steps 70, 120, 190, 240 and 300, respectively. The incident plane longitudinal wave has just run into the square hole in Fig. 6(a) and has passed through the hole in Fig. 6(c) . Finally, in Fig. 6(d) , the incident wave has disappeared because the wave has already gone out of the TF/SF interface. The longitudinal waves reflected from the square hole appear clearly in the figures. Figures 7(a) to (f) show calculation results of the vector velocity potentials at the time steps 70, 120, 190, 240, 300 and 400, respectively. We can recognize the generation of shear waves at the corner of the square hole in Fig. 7(a) . This is when the longitudinal plane wave has struck the hole shown in Fig. 6(a) . The scattered shear waves were generated by converting the mode of the longitudinal waves on the free surface of the square hole. We can see the generation and propagation acoustic surface waves on the free surface. They are noted by the symbol L shown in Fig. 7 .
From the examples discussed above, we have shown that the FDTD TF/SF formulation is very useful for analyzing scattering phenomena. Also, the use of velocity potentials makes it easy to understand the phenomena and implement the absorbing boundaries.
The validity of this methods must be confirmed by comparing the calculation results with those of other numerical method or experiments. The validity test will be reported soon.
CONCLUSIONS
The author has proposed the application of the FDTD TF/SF formulation to the numerical analysis of scattering problems of elastic waves in solids.
This method has some merits as 1) A perfect plane wave can be derived for the wave incident to scattering objects. 2) Near a scattering object, we can obtain the total wave field, namely, the field consisting of a mixture of an incident plane wave and scattered waves, and derive the scattered wave field in region far from a scattering material. Also, scalar and vector velocity potentials are used for this analysis. Using the potentials, we can separate the
